Abstract. We prove under a weak smoothness condition that two Riemannian manifolds are isomorphic if and only if there exists an order isomorphism which intertwines with the Dirichlet type heat semigroups on the manifolds.
Introduction
A fundamental problem raised in Kac's famous article [21] 'Can one hear the shape of a drum' is whether two isospectral manifolds are isomorphic. The answer is negative in general. Milnor gave a counter example for compact Riemannian manifolds [22] . In the Euclidean case the first example was given in dimension 4 by Urakawa [29] . Then GordonWebb-Wolpert [17] constructed two polygons in R 2 which are isospectral but not isomorphic. Moreover, [16] constructed two isospectral convex open sets in R 4 which are isospectral but not isomorphic. Kac's question in the strict sense, namely whether two isospectral bounded open sets in R 2 with C y -boundary are isometric, is still open. But there are recent positive results by Zelditch [32] for open sets in R 2 with analytic boundary verifying some symmetry conditions.
To say that the two manifolds are isospectral means by definition that the corresponding Dirichlet Laplacians have the same eigenvalues counted with multiplicity. This, in turn, can be reformulated by saying that there exists a unitary operator U intertwining the two heat semigroups. The heat semigroups are positive, i.e. positive initial values lead to positive solutions. These positive solutions describe the heat di¤usion on the manifold. Thus, if instead of a unitary operator, we consider an order isomorphism U (i.e. U is linear, bijective and Uj f 0 if and only if j f 0) on L 2 , then to say that U intertwines the heat semigroups means that U maps the positive solutions to positive solutions. It was shown in [6] that in the Euclidean case, i.e. if we consider open connected sets in R d , then these sets are necessarily congruent as soon as such an intertwining order isomorphism exists. This may be rephrased by saying that di¤usion determines the body. The aim of this paper is to extend this result to manifolds.
There are several notable new features coming into play in the non-Euclidean case. First of all, in [6] a precise regularity condition has been established under which the result is valid. The open sets have to be regular in capacity (this means loosely speaking that they do not have holes of capacity 0). Some e¤ort is made in this paper to extend this notion to manifolds, which is not possible in an immediate way. It turns out that all complete Riemannian manifolds satisfy this regularity condition.
There are other results on Riemannian manifolds where heat flow determines a geometric property. Norris [23] established a Varadhan type [30] , [31] equality for a small time limit of the heat kernel in terms of the Riemannian distance. For complete Riemannian manifolds von Renesse-Sturm [25] characterized a lower bound on the Ricci curvature in terms of gradient estimates for the heat semigroup, see also Otto-Villani [24] . In [26] , [27] Salo¤-Coste proved that two-sided Gaussian bounds for the heat kernel are equivalent to parabolic Harnack inequalities, and are also equivalent to volume doubling together with a scale of Poincaré inequalities.
The problem addressed in this paper is partially motivated by work of Arveson [9] , [10] , who introduces di¤erential structures in operator algebras. Our results imply uniqueness of these di¤erential structures, the case of compact Riemannian manifolds being of particular interest.
Not all results in the Euclidean case carry over to Riemannian manifolds. We give an example, Example 4.7, of a non-zero lattice homomorphism which intertwines the heat semigroups, but which is not an isomorphism, in contrast to the Euclidean case [5] , Theorem 2.1.
Let ðM; gÞ be a Riemannian manifold of dimension d. We always assume that a Riemannian manifold is s-compact. Then M has a natural Radon measure denoted by j Á j. Set 
for all j A L p ðM 2 Þ. In particular, the map j 7 ! j t is a unitary map from L 2 ðM 2 Þ onto L 2 ðM 1 Þ and a unitary map from A linear operator U : E ! F between two Riesz spaces is said to be a lattice homomorphism if
Uðj5cÞ ¼ ðUjÞ5ðUcÞ
for all j; c A E. For alternative equivalent definitions see [2] , Theorem 7.2. Here in this paper in most cases the spaces E and F will be L p -spaces and then ðj5cÞðxÞ ¼ minfjðxÞ; cðxÞg a:e:
Each lattice homomorphism U is positive, i.e. j f 0 implies Uj f 0. An order isomorphism U : E ! F is a bijective mapping such that Uj f 0 if and only if j f 0. Equivalently, U is an order isomorphism if and only if U is a bijective lattice homomorphism. Then also U
À1
is an order isomorphism. Recall that also each positive operator between L p -spaces is continuous by [2] , Theorem 12.3.
The main theorem of this paper is the following. It is valid under some regularity assumptions on the manifolds, namely regularity in capacity, which is optimal for this purpose and which we will explain below. Theorem 1.1. Let ðM 1 ; g 1 Þ and ðM 2 ; g 2 Þ be two connected Riemannian manifolds which are both regular in capacity. Let p A ½1; yÞ. For all j A f1; 2g let D j be the Dirichlet Laplace-Beltrami operator on M j and let S ð jÞ be the associated semigroup on L p ðM j Þ. Then the following two conditions are equivalent:
(I) ðM 1 ; g 1 Þ and ðM 2 ; g 2 Þ are isomorphic.
(II) There exists a lattice homomorphism U :
Moreover, if U is a lattice homomorphism as in condition (II) then U is an order isomorphism and there exist c > 0 and an isometry t :
It turns out that all complete connected Riemannian manifolds, and in particular all compact connected Riemannian manifolds, are regular in capacity. Therefore one immediately has the following corollary. Corollary 1.2. Let ðM 1 ; g 1 Þ and ðM 2 ; g 2 Þ be two complete connected Riemannian manifolds. Let p A ½1; yÞ. For all j A f1; 2g let D j be the Dirichlet Laplace-Beltrami operator on M j and let S ð jÞ be the associated semigroup on L p ðM j Þ. Then the following two conditions are equivalent: The paper is organized as follows. In the next section we give a su‰cient condition to ensure that the distance on a subriemannian manifold equals the induced distance. In Section 3 we show that M 1 and M 2 are isometric if they have su‰ciently big isometric open subsets. In Section 4 we prove Theorem 1.1. Finally, in Section 5 we give several characterizations of regularity in capacity.
Acknowledgements. The first and second named authors would like to thank for the great hospitality and generosity during their stay at the University of Auckland. The third named author is most grateful for the hospitality extended to him during a most enjoyable and fruitful stay at the University of Ulm. The proof involves an alternative description of the distances and is split in three propositions. The proof of some subresults is present in the literature on non-regular metric spaces in a slightly di¤erent setting [3] , [4] , [14] , [18] The next proposition is folklore and is at the basis of analysis on metric spaces [3] , [4] . For the convenience of the reader we include a proof. 
Distances
Minimizing over g gives jcðpÞ À cðqÞj e d M ðp; qÞ. r
We shall prove that W 
Quasi isometries are isometries
In this section we prove that two connected Riemannian manifolds, which are regular in capacity, are isomorphic if they have isomorphic open subsets whose complements are polar. Moreover, we give many useful tools to understand and to work with the H 1 0 -spaces defined on Riemannian manifolds.
Let ðM 1 ; g 1 Þ and ðM 2 ; g 2 Þ be Riemannian manifolds. We say that
The following theorem is the main theorem in this section. It shows that the relation @ cap defined on connected Riemannian manifolds determines the manifold.
Theorem 3.1. Let ðM 1 ; g 1 Þ and ðM 2 ; g 2 Þ be two connected Riemannian manifolds which are regular in capacity. Then
Explicitly, if M 
is an isometry, then there exists an isometryt t :
We define the space H Proof. One deduces from the previous corollary that
We emphasize that the next proposition does not require the manifolds to be regular in capacity.
Proposition 3.6. The relation @ cap is an equivalence relation.
Proof. The reflexivity and symmetry are trivial.
Let M 1 , M 2 and M 3 be three Riemannian manifolds and assume that M 1 @ cap M 2 and 
Also the next proposition does not assume regular in capacity. But it overshoots the conclusions in Theorem 3.1 since the range oft t can be bigger than M 1 . [15] , Theorem 9.11.) So there exists a c A C y ðM 2 Þ such that Uj ¼ c a.e. But j ¼ j t t is continuous. Therefore j t t ¼ c pointwise. Thus j t t is smooth for all j A C y c ðM 1 Þ. Thereforet t is a C y -map from M 2 onto M 1 . Similarly alsot t À1 is a C y -map, sot t is a C y -di¤eomorphism. Finally, since t is an isometry and M 0 2 is dense in M 2 it follows by continuity that alsot t is an isometry. This proves Theorem 3.1. r
Lattice homomorphisms
In this section, we consider lattice homomorphisms between L p -spaces on two Riemannian manifolds without the assumption that the manifolds are regular in capacity. The aim is to prove that the associated H The first step is to use elliptic regularity of the Laplace-Beltrami operator to reduce to smooth functions. for all t > 0. Then:
Proof. It follows from (2) that UDðD 1 Þ H DðD 2 Þ and D 2 Uj ¼ UD 1 j for all
by elliptic regularity. This shows (i) and (iv)
This implies property (iii). r
We frequently need the following su‰cient condition for point evaluations. Using the fact that U intertwines with the Laplace-Beltrami operators implies that t is almost an isometry. If, in addition, dim M 1 ¼ dim M 0 2 then t is locally an isometry and h is locally constant. l j x j t ðqÞ
Proof. It follows from the identity D
But then (5) gives (5) that
Since t is locally a di¤eomorphism it follows that ' 2 h ¼ 0 and h is locally constant. This completes the proof of Proposition 4.4. r
In the next lemmas we consider injectivity and density of the range of U. Then the following are equivalent:
(III) For every pair of disjoint measurable subsets A 1 and A 2 in M 2 with 0 < jA 1 j; jA 2 j < y the functionals Moreover, these conditions imply that the dimensions of M 1 and M 2 are equal.
Proof. Clearly (I) , (II) ) (III).
Next we show that (III) or (IV) implies that dim In particular, f is not injective. This contradicts the injectivity of t in (IV).
In order to obtain a contradiction with condition (III) we proceed as follows. Define the C y -function F : Bðp 0 ; 3dÞ Â ðÀ3d; 3dÞ k ! ð0; yÞ by
where JG denotes the Jacobian determinant of G. If A H y À1 ðW 00 Þ is measurable then 
Uj for all j A C There are open connected relative compact W 1 ; W 2 H M 0 2 such that W 1 X W 2 ¼ j and for all j A f1; 2g one has q j A W j and t j ¼ tj W j : W j ! tðW j Þ is an isometry. Since W j is connected there is a c j A ð0; yÞ such that hj W j ¼ c j . Without loss of generality we may assume that
where we used (1) . Similarly Ð For open subsets in R d the surjectivity of U follows from the fact that U 3 0 (see [5] , Theorem 2.1). In general the condition U 3 0 is not su‰cient to establish the surjectivity of U.
Example 4.7. Let S 1 ¼ fz A C : jzj ¼ 1g. Let g 1 be the Riemannian metric on
Then U is a lattice homomorphism, U 3 0 and US
t U for all t > 0, where S ð jÞ is the semigroup on L 2 ðM j Þ generated by the Dirichlet Laplace-Beltrami operator on M j for all j A f1; 2g. Moreover, M 1 and M 2 are regular in capacity. But the Riemannian manifolds ðM 1 ; g 1 Þ and ðM 2 ; g 2 Þ are not isomorphic.
We combine the previous results. Therefore, for the remainder of the proof we may assume that p ¼ 2. Then one deduces from (7) 
Hence
Then by the closed graph theorem the restriction of U to 
Regularity in capacity
The purpose of this section is to characterize the notion of regularity in capacity by various other properties. Among those several are functional analytic in nature. Of special interest is a characterization via relative capacity. Recall thatM M is the completion of M with respect to the natural distance and qM ¼M MnM. The relative capacity is defined on subsets ofM M instead of M. It had been introduced in [8] for an open subset W in R d . Since it depends on the set W in [8] it is called relative capacity. The following definition on manifolds is similar to the Euclidean one. Note that the relative capacity is the usual capacity as defined in [13] , Section I.8, on the spaceM M with respect to the Dirichlet form ðc; jÞ 7 ! ÐM M 'c Á 'j and form domaiñ H H 1 ðMÞ. We considerH H 1 ðMÞ instead of H 1 ðMÞ in order to fulfill condition (D) in [13] , Subsection I.8.2, and therefore to use the notion of relative quasi-continuity and relative quasi-everywhere (r.q.e.). We do not need thatM M is locally compact, although it is a consequence of the embedding theorem of Nash. In general, however, the completion of a locally compact metric space is not locally compact. We are grateful to Robin Nitka for showing us a counter example.
The following characterization of regularity of capacity is our main result in this section. Note that condition (V) is formulated completely in terms of relative capacity of the boundary qW. j n ¼j j uniformly onM MnU. We may assume that 0 e j n e kjk y and kj n k H 1 ðMÞ e 2kjk H 1 ðMÞ for all n A N.
Let e A ð0; 1. Then there exist n A N and an open U HM M such that kj n À jk H 1 ðMÞ e e, rcapðUÞ < e and jj n Àj jj e e uniformly onM MnU. Sincej j ¼ 0 r.q.e. on qM there exists an open V HM M such that fx A qM :j jðxÞ 3 0g H V and rcapðV Þ < e. Consequently, j n e e uniformly on ðqMÞnW where W ¼ U W V , and rcapðW Þ e rcapðUÞ þ rcapðV Þ e 2e. Let w AH HðMÞ be such that w f 1 on W and kwk 2 H 1 ðMÞ < 3e. We may assume that w ¼ 1 pointwise on W and 0 e w e 1 on M. Let s ¼ ðj n À 2eÞ þ and t ¼ sð1 À wÞ. 
